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ABSTRACT / 執行摘要

English Abstract — A prevalent conceptual hypothesis in recent neural network compression asserts that large
language model (LLM) representations mirror continuous sensory signals (such as audio MP3 or JPEG imagery),
exhibiting dominant energy concentration in low-frequency spectral bands that can be pruned via 1D Discrete Fourier
Transforms (DFT). In this technical note, we present definitive empirical and theoretical falsification of this hypothesis
across an 18-layer bare-metal Google Gemma-2B architecture. By executing Graph Laplacian spectral permutation via
Singular Value Decomposition (SVD) of the Fiedler vector ($\pi = \text{argsort}(v_2)$), we show that while early token
embedding representations (Layer 00) demonstrate pronounced semantic clustering—surging low-frequency energy ($k
\le 64$) from 5.73% to 15.36% (a 2.68× amplification)—all subsequent hidden representations (Layers 01 to 17)
exhibit an insurmountable Topological Dimension Barrier. Deep residual representations converge to an
equiangular white-noise spectrum (mean spectral flatness $\gamma \approx 0.58$, spectral centroid locked at $k
\approx 512 / 1024$), restricting low-frequency power to 6.2% ~ 7.7%. We prove via differential topology that a 2048-
dimensional non-Euclidean hyperspherical manifold cannot be mapped onto a 1D linear array without boundary tearing
and metric collapse, causing 1D low-pass filtering to catastrophically corrupt vocabulary-level argmax discrimination.
Finally, we demonstrate that high-dimensional orthogonal subspace steering (Null-Space projection and carrier
injection) is the sole mathematically sound mechanism for non-destructive intervention and bitwise $L2=0$ cognitive
rollback.

繁體中文摘要 — 近期大模型壓縮領域廣泛流傳一項假說，認為神經網路之隱空間特徵與連續感官訊號（如 MP3 音訊或
JPEG 影像）相同，能量高度集中於低頻頻段，故可藉由一維離散傅立葉轉換（1D-DFT）低通截斷達成無損壓縮。本技
術備忘錄在 4.8GB 裸機 Google Gemma-2B 模型上，對該假說進行了全鏈路實體跑分與拓撲數理證偽。透過 SVD 費德
勒向量（Fiedler Vector）圖拉普拉斯譜重排（$\pi = \text{argsort}(v_2)$），實測證實：初階形態素層（Layer 00）確
實具備語意親和凝聚力，低頻能量佔比自 5.73% 暴衝至 15.36%（翻轉 2.68 倍）；然而進入深層殘差流（Layer 01 至
17）後，隨即遭遇不可逾越之「拓撲維度障礙 (Topological Dimension Barrier)」。深層特徵頻譜死鎖於等角白噪聲狀
態（平坦度 $\gamma \approx 0.58$，質心死鎖於中央 $512$ 頻點），低頻能量僅為 6.2% ~ 7.7%。數理證明顯示，
2048 維非歐超球面多面體流形在幾何上絕無法無損展開為一維線性數軸，任何一維低通截斷皆會撕裂鄰域並摧毀詞表
Argmax 判決。本備忘錄確立了高維正交子空間調諧為唯一具備物理生命力之介入正道，並完整定錨世界優先權。

1. Introduction: The 1D-FFT Analogy Fallacy

The application of classical harmonic analysis to deep learning has recently sparked considerable interest, spanning
unparameterized token mixers (FNet) to frequency-domain KV-cache truncation (FreqKV, FlashCache). A seductive
intuitive corollary posits that because artificial neural networks are trained with gradient descent on natural data,
their latent representations must exhibit low-frequency spectral bias, allowing model compression via simple 1D
low-pass Fourier or Cosine filtering:

x_{\text{pruned}} = \mathcal{F}^{-1} \Big( \text{rect}_{K_{\text{cutoff}}}\big( \mathcal{F}(x_{\text{residual}}) \big)
\Big)

While this paradigm holds rigorously for continuous media (where biological perception possesses smooth low-pass
spatial/temporal tolerance), it introduces a fatal mathematical fallacy when applied to transformer residual streams:
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1. Continuous Perceptual Tolerance vs. Discrete Extreme Discrimination: In audio or imagery,
discarding 10% of high-frequency energy induces mild blurring or acoustic softening without semantic
collapse. In autoregressive language models, final token emission is dictated by an extreme 256,000-way
categorical competition ($\text{Argmax} / \text{Softmax}$). Subtle orthogonal features in the residual
stream often separate semantically similar tokens (e.g., distinguishing entity IDs) by logit margins of $\Delta
z < 0.5$. High-frequency truncation eliminates these critical separating hyperplanes, inducing categorical
collapse.

2. The Permutation Invariance Coordinate Dilemma: In an unconstrained transformer hidden state $h
\in \mathbb{R}^{D}$ ($D=2048$), individual coordinate indices carry arbitrary order. Applying a 1D
Discrete Fourier Transform along unpermuted coordinate indices interprets arbitrary dimension slots as
sequential temporal samples, reducing the spectrum to trivial white noise.

2. Graph Laplacian & SVD Fiedler Permutation

To afford 1D harmonic analysis its strongest possible mathematical advantage, coordinates must be optimally
reordered such that correlated dimensions are topologically adjacent. Let $X \in \mathbb{R}^{N \times D}$ denote
the residual feature matrix collected across forward passes. We define the dimension affinity graph $W \in
\mathbb{R}^{D \times D}$, where $W_{ij} = |\text{Corr}(X_{:,i}, X_{:,j})|$.

The Graph Laplacian matrix is formulated as $L = D_{\text{deg}} - W$. Minimizing the 1D continuous quadratic
placement cost $\sum_{i,j} W_{ij} (\pi(i) - \pi(j))^2$ subject to $\|\pi\|_2 = 1$ and $\pi \perp \mathbf{1}$
relaxes directly to the spectral bisection problem:

L v_2 = \lambda_2 v_2, \quad \text{where } \lambda_2 > 0 \text{ is the Algebraic Connectivity (Fiedler Value)}

Under mean-centered and column-normalized activations $\tilde{X}$, the second right singular vector $v_2$ from
the thin Singular Value Decomposition $\tilde{X} = U \Sigma V^T$ is analytically identical to the Fiedler vector of
the normalized covariance graph. The optimal 1D topological ordering permutation $\pi$ is determined by:

\pi = \text{argsort}(v_2)

Theorem 1 (Permutation Group Isomorphism): Let $P_{\pi} \in \{0, 1\}^{D \times D}$ denote the
permutation matrix corresponding to $\pi$. Because $P_{\pi}^T P_{\pi} = I_D$, reordering coordinates preserves
the exact $L_2$ norm and geometric inner product structure: $\langle P_{\pi} x, P_{\pi} y \rangle = \langle x, y
\rangle$. The transformation is strictly loss-free.

3. Empirical 18-Layer Bare-Metal Benchmark

We implemented this SVD Fiedler permutation pipeline directly onto the physical memory map of Google Gemma-
2B-IT (4.67 GB Float16 weights, $D=2048$, 18 layers) executed via bare-metal AVX2 vector instructions. Singular
value analysis completed in 0.128 seconds ($\sigma_1 = 33.4093, \sigma_2 = 8.6379$). We evaluated all 18
layers, computing the 1025-bin real DFT on both raw and permuted residual streams for identical semantic inputs.
Low-frequency energy is defined over $k \le 64$ (6.25% of the Nyquist bandwidth). Spectral Flatness is evaluated
via Wiener entropy $\gamma = \exp(\frac{1}{N}\sum \ln S_k) / (\frac{1}{N}\sum S_k)$.

Layer
Raw Low%
(k≤64)

Permuted Low%
(k≤64)

Amplification
Raw
Flatness

Permuted
Flatness

Permuted
Centroid

Empirical
Verdict

Layer
00

5.73% 15.36%
+2.68×
(Surge)

0.5663 0.5270 449.52
SEMANTIC
CLUSTERING

Layer
01

6.35% 8.15% +1.28× 0.5851 0.6059 501.12 TRANSITION
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Layer
Raw Low%
(k≤64)

Permuted Low%
(k≤64)

Amplification
Raw
Flatness

Permuted
Flatness

Permuted
Centroid

Empirical
Verdict

Layer
02

6.51% 6.26% 0.96× 0.6005 0.5901 514.07 BARRIER LOCKED

Layer
03

6.48% 6.25% 0.97× 0.6064 0.5893 512.58 BARRIER LOCKED

Layer
04

6.73% 6.27% 0.93× 0.5813 0.5967 511.50 BARRIER LOCKED

Layer
05

6.82% 6.49% 0.95× 0.5833 0.5981 512.49 BARRIER LOCKED

Layer
06

6.77% 6.39% 0.94× 0.5752 0.5861 511.94 BARRIER LOCKED

Layer
07

7.01% 6.37% 0.91× 0.5821 0.5809 513.43 BARRIER LOCKED

Layer
08

7.20% 6.25% 0.87× 0.5767 0.5988 509.27 BARRIER LOCKED

Layer
09

7.28% 6.21% 0.85× 0.5808 0.5681 510.93 BARRIER LOCKED

Layer
10

7.33% 6.54% 0.89× 0.5936 0.5775 511.86 BARRIER LOCKED

Layer
11

7.88% 6.11% 0.78× 0.5745 0.5785 508.24 BARRIER LOCKED

Layer
12

7.27% 5.65% 0.78× 0.5742 0.5525 513.27 BARRIER LOCKED

Layer
13

7.28% 6.63% 0.91× 0.5799 0.5685 498.39 BARRIER LOCKED

Layer
14

6.18% 7.27% 1.18× 0.5501 0.5741 493.32 BARRIER LOCKED

Layer
15

6.12% 7.72% 1.26× 0.5465 0.5797 494.40 BARRIER LOCKED

Layer
16

5.60% 6.63% 1.18× 0.5560 0.5808 504.52 BARRIER LOCKED

Layer
17

5.64% 6.33% 1.12× 0.6016 0.5774 512.00 BARRIER LOCKED

Empirical Discovery: The empirical data establishes two bifurcated zones:

Zone I (Input Morpheme Layer 00): Permutation concentrates early semantic correlations into adjacent
bins. Low-frequency energy surges from 5.73% to 15.36% (+2.68×), while centroid shifts from 498.97 toward
449.52.
Zone II (Deep Reasoning Layers 01~17): Across 17 consecutive layers, the low-frequency ratio retreats
into a narrow band of 5.65% ~ 7.72% (expected value for discrete white noise across 64/1024 bins is 6.25%).
Spectral flatness locks at ~0.58, and the centroid remains tethered to the exact center (512 ± 13).
Reordering fails to condense deep representation energy.

4. Mathematical Proof of the Topological Dimension Barrier

Why does optimal SVD spectral reordering fail to compress deep transformer layers? We formalize the mechanism
via the Topological Dimension Barrier Theorem:
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\mathcal{M}_{\text{residual}} \subset \mathbb{S}^{D-1} \subset \mathbb{R}^D, \quad \text{dim}(\mathcal{M}) =
d_{\text{intrinsic}} \gg 1

Theorem 2 (Boundary Tearing under Dimension Collapse): Let $\mathcal{M}$ be a compact Riemannian
manifold with intrinsic topological dimension $d \ge 2$ embedded in $\mathbb{R}^D$. Any bijective or
homeomorphic mapping $f: \mathcal{M} \to \mathbb{R}^1$ from $\mathcal{M}$ to a 1D continuous interval
induces unbounded metric distortion:

\sup_{x, y \in \mathcal{M}} \frac{|f(x) - f(y)|}{d_{\mathcal{M}}(x, y)} \cdot \sup_{x, y \in \mathcal{M}}
\frac{d_{\mathcal{M}}(x, y)}{|f(x) - f(y)|} = +\infty

Proof Sketch: Under the Whitney Embedding Theorem, a smooth $d$-manifold requires at least $2d$ Euclidean
dimensions for an embedding without self-intersection or boundary singularities. Mapping a $d$-dimensional
hyperspherical manifold ($d \gg 1$) onto a 1D line forces topological space-filling curve behavior (analogous to
Hilbert/Peano curves). Adjacent points on the manifold are inevitably torn apart in 1D space, creating sharp artificial
step discontinuities. In the frequency domain, step discontinuities generate infinite Dirichlet harmonic tails ($S(k)
\propto 1/k$), dispersing spectral energy evenly across all high-frequency bins. This produces the observed invariant
white-noise floor ($\gamma \approx 0.58$).

Corollary (Failure of 1D Truncation): Retaining 90% of residual energy under an equiangular white spectrum
requires retaining over 90% of all frequency bins ($k_{\text{cutoff}} > 922 / 1024$), offering negligible
compression while introducing severe Phase and Argmax distortion. Naive 1D-FFT compression of deep
transformers is mathematically void.

5. The High-Dimensional Subspace Steering Alternative

The falsification of 1D frequency-domain truncation does not imply that neural representations are unsteerable.
Rather, it reveals that the legitimate operational arena of deep neural networks is high-dimensional
subspace projection, not 1D linear wave filtering.

h_{\text{steered}}^{(L)} = h^{(L)} + \alpha \cdot \mathbf{P}_{\perp} v_{\text{carrier}}

In prior work (PULSAR Technote Part 2), we established that intervention vectors $v_{\text{carrier}}$ projected via
thin QR factorization into the Null-Space ($\mathbf{P}_{\perp} = I - Q Q^T$) of protected knowledge anchors
achieve residual cross-interference of strictly $1.958 \times 10^{-8}$. Coupled with native Layer 16 SwiGLU
gating insulation and microsecond closed-loop PID damping, targeted carrier injection in Layer 13 achieves 100%
factual steering on occluded tasks while preserving bitwise $L2 = 0.000\text{e}+00$ rollback fidelity upon
carrier detachment. Subspace carrier injection operates intrinsically within the 2048-dimensional non-Euclidean
manifold, perfectly respecting the Topological Dimension Barrier.

Intellectual Property & Trade Secret Safeguard:
The underlying machine code implementation—specifically the 3.2-nanosecond AVX2 recurrent carrier injection micro-kernel
(vfmadd231ps register schedule), the 4,379-byte freestanding PE64 recurrent engine, and proprietary 8 KB carrier weight
matrices—are strictly maintained as air-gapped trade assets and confidential know-how.

6. Prior Art Assertion & Global Citation

This technical note formally registers the worldwide Prior Art on:

1. The theoretical formulation and empirical proof of the Topological Dimension Barrier in deep
autoregressive transformer residual streams;
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2. The discovery of early morpheme spectral surge (Layer 00 2.68× amplification) versus deep layer equiangular
white-noise saturation ($\gamma \approx 0.58$);

3. The establishment of high-dimensional orthogonal subspace steering as the exclusive non-destructive
alternative to 1D frequency-domain filtering;

Architected, engineered, and directed by Kuo-Ting Tsai and Shin-Rung Tsai.
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